Chapter 3 General Description of Wave Propagation in a

Nonlinear Medium

3.1 A General Form of the Problem
In this chapter, we are going to analyze the coupling effects between
(1) light waves, or occurring between

(2) light waves and the induced polarization.

To facilitate our discussion, let us assume an induced optical polarization to be the source
term of the Maxwell’s equations
oB(r,t)

VXE(r,t)=-

XE(r,t) 37 "

VxB(r, )= 37 g 4 LOETD)
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Here J denotes a total volume current density, which is composed of polarization current and

conduction current such as

oP(r,t)
at

In NLO, we are usually not interested in the conduction current density J, (r,¢) . Therefore,

J= +J_(ryt).

letJ,(r,t) = Ofor the time being. This is rigorously valid in a dielectric medium containing

bound charges only.

Combining the two curl equations of Eq. (1) to form

g pr
1 0°E(r,t) = _4z o P(r,1) [the time domain] (2)

VXVXE@[F,t)+— _—
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and then transforming Eq. (2) into the frequency domain with E(F,t) = IE (F,we“dw,

we obtain

2

2
VXVXEGF,0) =% EF,0)+ 22
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? P(r,w) [the frequency domain]. 3)

c

3.1 Wave Propagation in the Linear Regime

InEq. 3),let P(F,w)=P,(F,0)=7" () EF,0),
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1+4zy,) 4=y, dmy,,
where E(@)=[I +4z 7" (@)]=| 4my) 1+4my?  dmy)

Here we consider a wave propagating in a linear ( Py, =0) while anisotropic (&; #0)

medium. The governing wave equation becomes
VX[VXE(F, (/))]——E( F )= 50(0). BF o) .
c’

By combining the last two terms together, we then obtain
2

VX[VXEF,w)]- ﬂe E(F,m)=

with &(w)=1 +4z 7" (w)

First, let us consider a monochromatic wave propagating in a uniform dielectric

medium, the above wave equation can be simplified into
VEF,w)+k, n*E(F ,0)=0

w 2rx
where k,=—==— with K =wave vector in vacuum, and 7 =the refractive index

c

of the medium. When the wave propagates in presence of fluctuations n(x, y, z; t), a

term coupling the polarizations may occur in the wave equation

Vzﬁ(?,w)+k02n2(F)E(F,w)—2V( vn(r)
n(r)

E( a)))

However, the order of magnitude calculations indicates that the coupling term may be
negligible in an approximation and therefore, the fluctuations in refractive index do
not cause mixing in the polarization components during the propagation. That is:

turbulent propagation still satisfies the ‘“‘scalar diffraction” picture.

In this case, we can decompose n(r) = <n>+d0n(r)=n,+0n(r), and let k = ko,

to denote the average wave vector in the unperturbed medium. Then,

on(r)

VEF, )+ k> (1+2 YE(F, w)=0.

n,

Thus, the third term can be considered as a perturbation to

VEF,w)+k, n*E(F,@)=0



Now let us return to the discussion on the uniform while anisotropic dielectric medium. We
can find a set of possible solution of Eq. (4) to be

E(F,w)=E, (0)e*", (5)
where
K =Q[nr(a))+in,.(a))] s=ans, I:fo(a)) =é E,(w) by defining &= w/c ,I? =@ns .
c
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By plugging the possible solution set of Eq. (5) into Vx[VxE(F,w)]—%f—:’ E(F,w)=0,
C

we obtain
2

kxlkxEF, o)+ & EF,0)=0. ©6)
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Note x is a symmetric 2™ -rank tensor g’ = z;; - Since &; =&,

.- we can diagonalize &

and express Eq. (6) in terms of the principal axes of £ as

@’e, -k -k’ k.k, k k. E.
kk, @', —k; -k; k k. E, |=0. (7)
k k. kk, @'e, -k} -k | E,

To have a nontrivial solution of E , the determinant of the Eq. (7) must be equal to zero
[determinant]=0 . )

Eq. (8) can lead to the following interesting results:
e For a given propagation direction §, there are two k values which are the intersections
of the direction of propagation and the normal surface. Thus, we have two different phase

velocities @/k,, in the medium. Let |k l= @n , the fact of two values of |k | implies there

are two different indices of refraction.

e The directions of the electric field vector E’o(a)) =¢ E,(w) associated with these
kx/(kl,Z2 - a‘)zgx)

propagations can be given by ¢é,, =|k, / (k" —@’€)) |.
k,[(k,,’ —@’€,)

e The two phase velocities correspond to two mutually orthogonal polarizations.

Let k =@n$ , Eq. (8) reduces to the well-known Fresnel’s equation of wave normal



+—5—=— )

sx/(n12,2 - gx)

and the directions of the electric field vector become e, =| s, / (nf’2 -£,) |

2
S, /(nl,z - Ez)
Eq. (9) is a quadratic equation of n”. Note that in a dielectric medium without free charges

V-D =0. The independent components of D is two, thus we can choose 131 -132 =0, and

form an orthogonal triad{ﬁl, 132, s} for a given propagation direction §. By using these

notations and from

10D
VxB=-2"
% c dt (@)
\v/ E=_18_B (b)
c ot

with B = uH . In terms of the plane-wave solution set, Eqgs. (a&b) can be rewritten as
—i@D=—i@nusxH (a)
—i@uH =—ikxE=—i@n§xE  (b)
Poynting vector can be used to reveal the energy flow of an optical beam in a medium, thus
P = Poynting Vector =E x H “E x(§XE)= £{§ |E P —(E-§)E}
H U .
=is not parallel to §

We can also estimate the electric energy stored in the medium to be

U, =Electric Energy =%I;’ .D
DZ D2 D2 .
= —+2+—==2U, (10)
x 8}’ 82

Here &g,,€,, €, denote the principal dielectric constants.

2 2 2
By defining D, /1 |2U, = x , Eq. (10) then becomes x_z + y_2+z_2 =1, which is the Index
n n n
X y z
Ellipsoid of a medium. Letn, =n_, the ellipsoid reduces to a rotational ellipsoid along the

Z-axis:



—

® We can define an impermeability tensor 7 as 77, = [1/€] i = E= 7-D.

Thus, Eq. (6) kx(kXE)+ @& -E =0 becomes

A AT —ae 2 NN =
(n@)’SX(SXE)+@&-E =0 = $x[§x(fj-D)+—D =0.
n
Redefine a new coordinate system such that one of the coordinate axes along the beam

0

propagation direction §,andlet §=| 0 |, then

1
= 1, —?)D=0.

This implies two other axes shall be along the eigenvectors of 77, : { IA)I, 132 }.

The inverse index of refraction associated with any given propagation direction § can then

be expressed as a linear combination of two transverse eigenvectors
1 cos’@ sin’*@

2 - 2 2
n-(0) n, n,

3.3 Wave Propagation in a Nonlinear Medium (P, #0)

From the wave equation with an induced polarization P(l; , @)

A | -
™ P(wk,)

2
VXIVXE(K,0)]="EK,0)+
4 C



By separating P(I;m ,w)=P, (Em ,w)+ P, (lgm , ) and define () = I+ 4y (W), we

then obtain

? Anw’

VXIVXE(k,0)=—& E(k,0)+—— Py, (k,,®, =0) . (1)
(4

csN|g

Here P, (k,,®, = ®)is anonlinear polarization which can be generated from a generalized

driving force with the product of E, (’?1’0)1)]" E, (I?n ,0,)].

Now note that
e @, shallbeequalto @ in P, (l?m ,@, ) because of photon energy must be conserved

in the steady-state case.

—

e But k, needs not be exactly equal to k . This is because wave momentum conservation

is not strictly required in a finite-sized medium with dimensions comparable to the optical
wavelengths involved.

e Eq. (1) forms a set of (n+1) coupled wave equations (coupled together through nonlinear

polarization P,, (Em ,@,)).

Let us examine the equation with second-order nonlinear optical effect:
E (k,®),E,(k,,w,) > E (k,,0 =0 +a,),

the governing equations become

( ? o o 4zw’ . =
[VxVx—(:‘—ze(a)l)-]El(kl,a)l)=c—2lx‘2’(wl ~w -w):E, &, 0)E k. o)

o’ . - 4rw,’ o S o
: [VxVx—c—zze(wz)-]Ez(kz,a)z)=c—22;((2)(a)2 =w -w):E (k,0)E k,o)
o . Por L Bk B (k
[VXVx— e s(ws)-]Es(ks,a)s)=c—2;( (0= +w,):E (k,0)E,k,, o)

3.4 Slowly Varying Amplitude Approximation (SVA)

In this section, we will consider the wave couplings in a NLO medium, leading to
® an energy transfer among waves, and causes

e optical field amplitudes to change with wave propagation.



Considering a plane wave propagating along z, E(@,7,t)=E(p,z,t)e'***", the energy

transfer among waves is significant only after the waves travel over a distance which is much

/‘ ~ 0k Lk .

Based on the radiation theory, we can split the nonlinear wave propagation equation

longer than their wavelengths, that is,

o0&
ks

A [0°E(z)
9z’

0’ S(Z)

>> 2

? Anw’

VX[V xE(F,I?,w)]+%§(a)) E(F.,k,0)= ——ZPNL(?,w,Em) into two parts according
c c
to the source is perpendicular or parallel to the wave propagation direction:

draw’
V’E, + [s E]l,=———P

cZ NL,1 )

V-[(&- E)” +4zPy, ,1=0

2
LetEl(?,t) =&(p,z,t), then VZEl = (Vl2 +§—2)8(p,z,t) . Neglecting the diffraction
Z

effect of the first term,

9’ 32 T
oz> —5 E&(p,z,t) = = [gl(p’Z)el(kz_w ]

; 9’E &,
— i(kz—at) 1 +2 k k2
¢ [ oz’ oz :

V’E, =

47:(02
c 2 PNL,J_

Now by invoking SVA, the coupled wave equation V*E + [8 E], = | =

becomes
€ (w,2) 27mia* itk
laz, = " Py, (@,2)e (emet)

For simplicity, we will focus on the planar wave propagation without considering the

diffraction effect. Therefore, the field dependence on transverse coordinates p will be

neglected hereafter.

By writing P, | (@,,2) = PN (z)e' a0

)
aaiﬁznf’ PY(2)e ™" with Ak =k—k,.
/4 (4

To solve the coupled equations, we need to implement some boundary conditions, which

are

e Tangential components of E and B at a boundary surface must be continuous for each

—

Fourier component. Since E = E nt E » =homogeneous + particular solutions, the boundary



conditions imply

(E.+E)), =(E,),

IS [ r (k,xE,). +(k,xE,) =(k,xE,). .
r ] (k,xE,)y+(kR><ER)y=(kT><ET)y
< r o .
L d Due to the translation symmetry on the boundary,

k, . (homogeneous) =k,  (particular)
=k, .(homogeneous) =k,  (particular) .

=k, ,(homogeneous) =k,  (particular)

3.5 Time-Dependent Wave Propagation

Waves with time-varying amplitude should obey the wave equation in time-domain
1 9° - . ar o’

S5 Er ) =——F—
¢ at c” ot

Assuming that a quasi-monochromatic plane wave propagates along the symmetry axisz ,

then

[VX(VX)+ P(F,t).

°E 193°D 4r d* -
- =——5P,,(2,1),
0z ¢ 9t* c¢rot? M

where l_j(z,t) = E(z,t) + 4ﬂf’L(z,t) .

Let E'(z,t) = g(z,t)eikz'i”” , then

=
d g(zz,t) Q(Zikaig_kz‘g)eikz—imt.
Z Z

Here we have applied SVA on this equation.

By expressing E(z,t) in terms of Fourier integral E(z,t) = J.S(a)+ e’ emidn

therefore D(z,t) = Ig(w+ NE(@+ne =@ dn .

1 9°D(z,t
We examine _8 (z,1)

>——, — Inmore detail in terms of Fourier integral
¢ ot



1 9°D(z,t) (@+7n) i@
= atf ={- 277 e(@+n)E(@+m)e™ @
=_J‘[a) 8(&’) w ﬂ aaj)l +2a)7]£(a))+o(ﬂ )]g(w+”)etkz—t(a)+7])tdﬂ
; .
_——Ie(w)£(w+n)e”‘z"("”””dn @ Iﬂ§—€| E(@+n)e™ M dp

_c_zj n-&(@)-E(@+m)e™ " *dy

We can calculate the group velocity of an optical pulse in a dispersive medium with

1_dk_d Je@o Ve, o de@) de(w) 2ce 1 2
v, do do ¢ ¢ 2Je(@ do T do 0 v, o

Thus, we obtain

20me + a)zng—z; = n and

g

Iﬂg(a)'l' n)eikz—i(w+7])tdt — iig(z,t)

We can reduce the term of 19D, 8'D (z,0).

¢t ot?

in the time-dependent wave equation into

lw _22 _%ag(z’t) ikz—iax
JEREYE =[ E(@)E(z,t) S o le .

g
Py, (z,t)
a 2

We then approximate ~ —@’P,, (z,t) and finally obtain

(ai )5 (z,t)= 271'::0) P,, (z,t)e'™ ™ [Forward Propagation]
4

g

to depict a wave propagating in the +z direction.

Similarly,

1 27w’ .
(——— o )8 (z,t)= %PNL(z,t)e’(k“’”) [Backward Propagation]
c
g

to depict a wave propagating in the -z direction.

&(w)

If [1/e(@)/c1- Q€/ar)|

inequality leads to ¢, <¢,. Under this condition, the time derivative term can be neglected

I=t, - and (0E/dt)I=1E/t, the



and this renders into the wave propagation in the steady-state regime.

3.6 The Relationship between Macroscopic and Local Field Quantities

Note that

e Fields appearing in the Maxwell’s equations are macroscopic quantities, i.e., they are

averaged over macroscopic volume of polarization.

e But dynamical model of polarization P(F) often requires one to take into account local

field at the position of a particular molecule.

To solve the difficulty, let us first consider the following situation:

4 a linear, isotropic medium (i.e., fluid or crystal with cubic symmetry) P,;, =0

4 4
Eluc = Eext +_7Z'PL = Eext +_7[Z(1)Eloc
3 3
E 4z
= B, =—g=—~+— 2",
1-2F 40
3
2+1+4my"? 2+ e(w
= loc =%Eext = [#]Eext = L(w)Eext

Then consider

¢ a nonlinear medium with ¥* #0 (i.e, Py, #0)

E . =E

loc ext

4z
+T(PL +PNL)’

where P, = y'"E, denotes the linear polarization, and P,, indicates the nonlinear

polarization.
Thus,
4z 4z
Eloc = Eext + ?Z(I)Eloc + ? PNL
4
(Eext + i PNL ) i
= Eloc = 4”3
-z

implying the linear dipole moment can be affected by the existing nonlinear dipole moments



in the neighborhood by

4z

P Z(I)Eloc _:"(T.(Eext-i-?PNL)'
1-—2 l(l)
3
Note that by using Clausius-Mossotti equation y'" = 4—;2 we can further convert linear
T €+

polarization to be
e—l -1
4 T ext T PNL :

Recall
D=E,_ +4xP=E, , +47xP, +4rxP,,

ext

=E,  +(-1E (8—1)PNL+47rPNL

ext

+2
—¢E, +anE1= TPy

=¢E,, +4xP,

NL, eff

Assuming the nonlinear optical polarization to be second-order effect Py, = y*E, E

loc ™ loc *

then
Priag =2 B =50 Py,
E% I2(-w,30,,0)E,, (@,)E, (@)
=20 00,00 ST g (08, (@)

This implies that we can define an effective nonlinear susceptibility with
Ew)+2. ew)+2, &(w)+2
2 i (0530, 0) =] 3 Il 23 1,5l 13 Ly X oy (— 03 @, 03,

= L, (@)L, (@)L, (@) ¥,y o5, (— Oy @y, )

loc

However we shall keep in mind that the results have neglected the interaction between

nonlinear dipole moments at different sites.



