Chapter 2 Macroscopic Theory of Optical Susceptibility

Tensors

Purpose of this chapter
Use a few simple physical principles to deduce important fundamental and universal

properties of nonlinear optical susceptibilities.

We will start from P(t) <> E(r) Constitutive Relation via
the following two Approaches:
(1) From time-domain => Response Function

(2) From frequency-domain = Susceptibility

2.1 Response Function and Constitutive Relations

r

Stmulant

e
g

In general, any intuitive picture given shall reveal P(t) to be nonlocal and a finite response

time. But for simplicity, let us first consider

e Local Response [Note that this limitation can be lifted with spatial dispersion of ;((l; , @)

as in the last section of this chapter]

We assume polarization at a position in the medium is determined completely by the
electric field at that position, i.e., P (7)=P,[E(F)]= 7" (w)E,(F).

¢ Invoking time-invariance

Dynamical properties of the system are assumed to be unchanged by a translation of the
time origin, that is, R" (t,+73t)= RY (t,+7:1,) = RV (1;0)

Time-displacement of the driving electric field merely results in a corresponding

time-displacement of the induced polarization.

2.1.1 Linear Response



Starting from P () =[,1[ T (t;0)E(z) d. (1)

Here T™(¢;7) is a2 rank tensor. Let us
o first perform a time displacement ¢ — ¢+,

) B Te)
Eq. (1) then becomes P (¢+£,)= [ TV(t+t,;DE(r)dr. 2
® Then invoking time-invariance principle on Eq. (1): P(t+¢)) <> E(T+¢,)

PO(t+t,)=[ TV DE(+1,)dr
' @ ) ' ' '
Let ¢'=t+t,, PY@t+t)=[_ TVt7'-1,)E(z)dz 3)

Compare Eq. (2) and Eq. (3), we obtain TVt + t,;T)= TV (¢ T—t,).

ie., TV(t;7) dependson ¢—7 only, not on their individual values.

Lett=0 and ¢, — ¢, then TV (t;7)=T"(0;7—t)= R"(t —7), defining a linear
polarization response function of the medium R™(¢—7) and

PO(t)=[" RV (t-1)E(r)dr

Two important aspects of R™:
e Causality condition: R"(¢)=0 when ¢<0.
e Reality condition: R™(¢) is a real function of ¢.Both P™(t) and E(¢) are real,

since they are physical quantities.

2.1.2 Quadratic Nonlinear Response

Starting from P, ()= [~ dr, [ dz, T,y (67,07, E (5 E (7). (4)
Here Tﬂaﬂ(z) is a 3rd rank tensor.

Note that T, ,*(¢;7,,7,) uniquely determines the quadratic polarization in the NLO
uap ) quely q p

(2)

medium. However, because of the quadratic form of Eq. (4), T, is not uniquely

determined by Eq. (4). This can be seen from

T Y;7,7,)=S .2@t;7,7,)+A ., 2(t;7,,7,) where
uap 1°°2 uap 1292 uap 1292

1
Sﬂaﬂ(Z)(t;Tl,TZ)=E[Tﬂaﬂ(2)(t;z-l,z'2)+T a(z)(t;TZ’Tl)] and



1
A (57,7, = E[Tmﬂ(z) (t;7,,7,) =T ,5," (575, 7))
Since an exchange of (e 7, ) and ( B 7,) in Eq. (4) leaves the expression unchanged. Thus,

A" (t;7,,7,) makes no contribution to P,*'(¢) . To make T, (¢;7,,7,) unique, we must
first transform it into a symmetric form by letting A Wﬁ(z) (¢;7,,7,) =0, i.e.,

Tﬂaﬂ(z)(t; 7,,7,) =T, " (t;7,,7,) .

Now by invoking

¢ Time-invariance principle

T®(t+t,;7,,7,)=T"(t;7,—t,,7,—t,) and lett=0, t, — ¢, we obtain

T (¢ T,,T,) = R®(t- 7,,t —7,) =Quadratic Polarization Response Function.
PO t)="de,[ " dr,R®(t—1,,t-1,): E(5,)E(z,) (5)
Two important aspects of R'® ,(t,,t,):

e Causality condition: R™(¢,,¢,)=0 when ¢, <0 or t,<0.

e Reality condition: R™(¢,,t,) is areal function of ¢, or ¢,.

e Intrinsic Permutation Symmetry: R?, ,(t,,t,)=R"? ;. (t,,t,)

2.1.3 Higher-Order Nonlinear Response

. +oo +oo
Generalize to P(")(t)=I drl---J. dt, T"(t;7,,7,-7,) | E(1,)E(7,)---E(7,)

Here T,,, ., ™ is a (n+1)th rank tensor.
1 ) .
Here T/talaz---an(n)(t; TsTy o T,)= ;S Tﬂalazma"(")(t; 7,,T,*»T,) with a symmetrized

operator § denoting a summation over all the tensor components obtained by making the n!

permutations of the n pairs (@,7,).....(@,7,). This symmetrized operation makes T’

satisfies intrinsic permutation symmetry.



T “(t;7,,T,T,)=R

(n)
o, @, uona, @, (t - Tl’t - TZ Ty t -7 ) .

n

Therefore,

PO @0)=["dr, [~ dz, R"(t—1,,t -1, t-7,) | E(z,)E(z,)E(z,)  (6)

2.2 Susceptibility Tensors in the Frequency Domain
The response function in time domain can be transformed into susceptibility tensor in
frequency domain.

2.2.1 The Complex Frequency Plane

+oo .
E(7)= I E(w)e"”dw where
Note
1 e ior
E(w):—j E(t)e'”d
2 I~

If E(r) vanishes in the past (7<0),let @=x+iy for mathematical convenience,
E(w) = ijw E(7)e'dt = i‘r& E(r)e™"dt exists, ify>0.
27— 270 ’

The integration converges if y>0 (i.e., @ lies in the upper half plane. Let d@ — dx

with integration path along the real axis in the upper half-plane.

J. +°° E(w)e"”d is finite and therefore exists!

1+ e ye-n) ety _ L = —y(e-n)p [* ix(z-t)
EL dx (" dr E(g)e™ e = EL dTE(0)e™ " [[ dx " dx] |
= [T dar E@e " 8(x—-1)= E(t)
In addition, since E(t) isrecal = [E(w)]*=E(-&¥*).

2.2.2 Linear Optical Susceptibility
Note that



PO(t) = j:’ RV (¢t —7)E(v)dt

=j+°° RV (tHE(t-1"dt'

=" do[” dr' R (z)E(@)e
= J‘w do 7" (-a,; 0)E(w)e™
where z"(-@;@)=[" dTR" (r)e™ (8)

and @, =®.

e Causality Condition in the Frequency Domain: R"”(7)=0 when 7<0 [intime

domain]. ¢ =0 when 7 —+co if @ in the upper half-plane. Thus, Eq. (8) converges
if @ isin the upper half-plane, i.e.,
2V (—@; @) is analytic in the upper half-plane of @

e Reality Condition in the Frequency Domain: R"(7) is a real function of 7 in the
time domain & [ (-w; ®)])* = " (@*; — @*).

2.2.3 Second-Order Nonlinear Optical Susceptibility

By expressing E(t) in the frequency domain:

PO)= (" dz,[” dr,R?(7,,7,)E(t -1, E(t —7,)

- Ird@.[:dwz .[j dr, I:odrzR(Z)(Tv 7,)E(@,)E(@,)e @ emm)

Let o, =0, +w,,

PO0)=("do | doy” (-0, 0, 0,)E@)E@,)e ™ 9)
Here

+oo +oo .
Y(-a0,w)=| dr,| dr,R?(z,7,)e ¥+
(4 2 o Y] 4% 16

e (ausality Condition in the Frequency Domain:

x? (-@,; @, ®,) is analytic when both @, and @, lie in the upper half-plane.



e Reality Condition: [7"*(-a@,; @, @)]* = 1 (@,*; - &*, - @,%).

(2)

¢ Intrinsic Permutation Symmetry: 7% s~ 0,3 B, @)= 77 (0,5 0, @,).

2.2.4 Nth-Order Nonlinear Optical Susceptibility
Let o, =+ +®,,

P(n)(t) = I_jd@ ...I:dw"l(n)(_wo; wl’... ,w,,)E(wl)“‘E(a)")e_im"t (10)

Here

() o > () 2.0
Y4 (—a)‘,;a)l,---,a)")sj_m dz'l---Lo dt,R" (7, -,7,)e ' and

P"(w)=21"(~0,;0, 0, E(®) - E(®,)

e (ausality Condition in the Frequency Domain:
z(")(—a)(,; @, -+, @,) is analytic when all the frequencies @, ,---,®, lie in the upper
half-plane.

e Reality Condition: [,'{(”)(—a)a; @, @)]* = ;{(")(w‘,*; -o%, -, —0,%).

e Intrinsic Permutation Symmetry: Z(")yalaz---a (—@; @, - @,) is invariant

under all n! permutations of the n pairs (®, ), ...., (@,®, ).

2.3 Symmetry Properties of the Susceptibility Tensors
2.3.1 Permutation Symmetry

e Intrinsic Permutation Symmetry of y" D30, 0,): 2" s

wana-a, (~

invariant under all n! permutations of the n pairs (¢,@, ), ...., (@, ®, ).
Intrinsic permutation symmetry is a fundamental property of the nonlinear
susceptibilities which arises from the principles of time-invariance and causality and

which applies universally.

(n) (n)

e Overall Permutation Symmetry of } o (a0, 0,) : ¥ is

invariant under all n! permutations of the n pairs (@®,), ...., (@,®,) and the

n-"n

additional pair (4,— @, ), 1.e.,



The (n+1)! permutations of the pairs (@, ), ...., (&,®,) and (U4, — @, ) leave s

unchange. Note that this symmetry is an approximation which is valid when all of the optical
frequencies are far separated from the transition frequencies of the nonlinear optical medium

(i.e., medium is transparent at all the relevant frequencies).

(n)

2.3.2 Time-Reversal Symmetry of D50, @,)

n

Lo, (=

If the Hamiltonian of a dynamical system is invariant under time-reversal, then the

dynamical system shall possess time-reversal symmetry.

What is the time-reversal operation for a dynamical system?
Recall there are two types of dynamical variables under time-reversal operation ¢ — —¢.

For example, in Classical Mechanics (CM) we can find the following two types of dynamical
variable:
(1) invariant under time-reversal

suchas ¥ =>r whent——t,and f(r)— f(r) whent——t;

g(p*=p-p)—> g(p®) whent——t.
(2) change sign under time-reversal

- d'_: — -
m_#_p
dt

In Quantum Mechanics (QM), we have
(1) invariant under time-reversal

which in fact are all real operators suchas ¥ =7, g(p*=p-p)— g(p*) (e.g., kinetic
energy), f(F) = f(r) (potential energy) when taking time-reversal operation (i.e., complex
conjugate).
(2) change sign under time-reversal

which are all pure imaginary operators such as

p=-ihV > —-p.

Therefore, the time-reversal operation can be described by
I. Classical Mechanics (CM) II. Quantum Mechanics (QM)
t—> -t 0-0*

When Hamiltonian H,, consists of a sum of kinetic energy term g(p*), and an

interaction potential energy which is a real function of the vector coordinates



r; and R, , then

e H, isinvariant under time-reversal (CM);
® H, isareal operator (QM).

Considering that Hu,(®)=E,u,(0),
(1) both H, and E; are real. Note that u,(®) [the energy eigenfunctions] can be chosen to
be real by properly choosing a phase reference; and therefore

(2) dipole-moment element is real too. This can be seen from
e[r®], = Id@) u, *(®@)er®u,(®) — e[r®],, which is a real quantity!
(3) from

[r/l ]ah, [rlll ]hlhz . [ran ]bna

_a)] ”'_a)n)(gbza _a)2 ”_a)n)'”(ana _a)n)

Nen+l

o 00, 0) = S a
Z ,ualaz--»a,,( (o 1 n) l/l'hn rablzbup()( )(Q

ba

~E, [kgT

Note p,(a)~e isreal and Q, =real.

By exploiting time reversal operation,

D X" saaa, W3 By O = X" 0 COF500%, -, @,%) e,

if (-aw,;a,, -, ®,)are real, then

(2" sy, (@3 By @) =2 (0,505, @,)

(IT) From Reality condition

(n)

¥ — (—@,; @, -, @,)]* = (reality condition)

(n)

=Z Hoy o, o, (wg-*; _a)l*’...’_a)"*)

From (I) and (I1), 2, o 0 (@3 =@y, = @)= X" 4y .0 (0,505, ®,),

(n)

i.e.,if y™ isinvariant under time-reversal operation, then " is unchanged when all the

frequencies (@,; @, -+, @,) of x"" are negated.

A simple conclusion from this result: by considering the linear optics with n=1,

Z(l)ﬂa(—a’; @)=z

— me(—(o; ®) [overall permutation symmetry].

W(a); — ) [time-reversal invariant]



Therefore,

Z(I)W(—UJ; ) = Z(l)ap(_a); o) is a symmetric tensor. Therefore, we can diagonalize it in an
appropriate coordinates system. This is the basis of the well-known Reciprocity Theorem in
Optics. However, like the overall permutation symmetry, time-reversal invariance breaks

down when any of the optical frequencies near a transition frequency of the medium, where

damping effect becomes important.

2.3.3 Spatial Symmetry of z , , . (-@,; @, -, @,)

n

Neumann’s Principle, which is applicable to all of the physical properties of a system that

exhibits spatial symmetry, states

Any physical property (i.e., the dynamical variables) must be invariant under any
transformation of coordinates that is governed by a valid symmetry operation for the
medium (i.e., belong to the symmetry group of the system)

o,

To illustrate the principle, let us first consider x'=RX with R denoting a rotation, which
can be either proper or improper operation. From the length invariant property,

GEY(FEY=(X)"(X¥) = R'=R".

[ — -1 " ]
Hence x',=R,x, = x,=(R"),,x',=R,x

ai ai a’

Similarly, for other polar vectors such as P' B (tH)=R W.Pi (t), E' = R yiEi .

Let us examine the optical response in two different coordinate systems.

P(l) lﬂ(t) — J.: Zill) l(_w; w)E la(a))e—inxdw [neW]

(14

We can deduce the transformation rule for 2™ rank tensor,

(2" '(new)l,, = R,R,[2" (0ld)], =[Rz" (Ol)R"],,.

u aj

Similar result for higher rank susceptibility tensor can also be obtained.

Neumann’s Principle requires the elements of a susceptibility tensor taken with respect to
two coordinate systems, which are related by one of the symmetry operations of the
medium, must be identical. This leads to a simultaneous equation system of the

susceptibility tensor components.



2" e, O30 @)= ", (—@,50,,,®,) [Neumann's Principle]

=R,R,, R, 2" @, ;®,,@,) [Transformation of a Tensor]

'n“n ua,--a, (

We therefore can use Neumann’s Principle to reduce the number of the susceptibility tensor
elements. The above equations impose restrictions on the elements of the susceptibility

tensors. For example, let us consider the case of

(1) ,1/("’ — of a medium with an inversion symmetry. The inversion operation is

described by R, =0, .

(%% 3)

(n) 1 _ (n) — (1L () Y (n) .
X" e —RWRW1 Ra"a” 4 =-D"y e a, implies Y o vanishes when

@, ua,--a,

n is even for a medium with an inversion symmetry.

@ uaae, OF an isotropic medium

An isotropic medium is a material which is invariant under (i) any rotation (proper); (ii) any
reflection (improper), and (iii) inversion.
The invariant condition for any reflection can be reduced to be invariant with reflections in

three mutually orthogonal planes.

Let us first consider
e reflection in the yz-plane: 1(x) >-1 2(y)—>2 3(z)—>3

X=|
Y= 2
3—>3

X
= ¥ with an odd number of x indices must be vanish.



(3)

o reflection in the xz, and xy planes = ¥~ with an odd number of y (and z) indices must

vanish.

3 .
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Now let us further consider
e 90° rotation about z-axis: 152, 2—-1, 353

(3) . 43 — 4,3) .
Z i * Z 1un - Z 22229
(3) . 43) — 4,3 (3) — 4 .
Z i * Z 1122 — Z 2211° Z 1133 — l 22337
3) . L3 — 23 .
Z ijij * 2«' 1212 — l 2121°

(3) (3)

Z(J)ij/‘i Y AT il AESTEY
e 90° rotation about x-axis: 151 253 352
y-axis: 1-5-3 252 351

6 C N c ) S ) B
Z i * l umn - Z 2222 T Z 33339
G o B _ B 3 _ B _ 3 .,
Z i © Z 1133 — Z 3311 Z 1122 — l 2211 — Z 2233 Z 33220
6 S . S c.) B ) S ¢ S ) S
Z ijij * Z 1212 — l 2121 — x 3131 — Z 1313 — Z 2323 Z 32329

G L a3 _ a0
Z iji 'Z 2332 _Z 3223 _Z 3113 _l 1331 _Z 1221 _Z 2112

Let us then exploit the rotation about z-axis by arbitrary angle @ , which is known to have the

rotational matrix

cosfd sin@ 0
R=]|-sin@ cos@ 0
0 0 1

Thus, after rotation

1(3)1111[01(1] = 1(3)1111 "[new]
= Z RliRliRliRliZ(s)iiii + Z RlileRlileZ(S)ijij + Z RliRlilelex(S)iijj + Z RlileleRlix(S)ijii .

(3) (3) (3)

2 s 2 (3)
1111 +2cos BSln G(Z 1122 +/Y 1221)

— /3 (3) (3)
111 = Z 1122 +Z 1212 +Z 1221

=(cos’ @+sin* )y wetX

(3)

V4

Finally, by invoking Kleiman symmetry [note this is valid only for nonresonant media]:

1
B _ W _ 3 N )
Z 1122 — Z 1212 — l 1221 = l 1122 — 3 Z 1111°



i.e., only one independent component ', ., left to be measured.

2.4 Resonant Nonlinear Susceptibility Tensor
Consider an applied optical field that comprise a superposition of quasi-monochromatic

waves

E(t)= %Z[Ew(t)e’i”’ +c.c.].

@

The polarization induced in the medium can be expressed as

P(t)= %;[Pw(t)e'i”” +c.c.].

+4oo .
Here the quasi-monochromatic spectral component E(¢) = j E,(o- Qe Vi g

denotes an optical field with its spectrum centered at €.
Recall

P(t)= j:" 1V (~o;0)E (e dw,

we then achieve P,(f)= rmx(”(_w; DE (0-Q)e " "V dw.

2.4.1 Adiabatic Response

When Q is far below the transition frequencies of the medium, Q<KL @, ,

7"V (—w;w) is a slowly-varying function of frequency @ around Q.

Thus, we can express it in Taylor’s series at
P,t)=[" 2" (~o0)Eg(0-Q)e " da

IQ '(w_g)-l- .. .]Eg(w_ Q)e—i(a)—ﬂ)tdw

- W (_ o
= [T cos0)+ XD

Then,

dy"(-aoyw) dEy ()
P (6) {7~ Q)E, (1) +i *% SO, e

For an adiabatically applied field, the magnitude of the second term must be much smaller

}

than the first term, which leads to
I 1 _d,t'”)(—a);a))l 1 dEn(t)”
2" (-Q;Q) do  ® E,(t) dt

<1 . @

Recall that



2
Dle 1 1

w"_‘;b B T2 : 2}
5 (v, —Q-il)" (@, +Q+il)
Near a resonance A =a),, —Q < @,, +, therefore the inequality (I) becomes
I 11 dE,@®)
A—il" E, (¢t) dt

Ne
D (-wyw) =
X ) -

k1 . D)

From the characteristic rate of change of the field envelope:

(Ea@ ) B i 7~ L field correlation time.
T dt ow

c

Inequality (II) then can be reduced to | A-il >1 (III)
-
reld K~—a
D abs. [me
of the mediam
.

Inequality (III) implies that for the adiabatic response to be valid, the frequency spread of the
pulse should not overlap the medium’s transition frequency, implying that the field
correlation time T, must be longer than the impulse response time of the polarization

T [
> A—-ilC

2.4.2 Adiabatic Condition Violated

When Q is tuned closed to resonance with a transition and the fields are

quasi-monochromatic.
400 .
Note 7" (-w;0) = I RV (r)e'dr.

By defining an envelope response function by ¢(7) = R" (7)e'", we found
Ne* le,-r, I

h @ -0 -iTw

2V oso)=" grdr=

. 2
lNe Ié‘ .r |2 e—(iA+l“)r
- ¢(T) = h @ "ba

0 7<0

720



iNe*

PY(@)= J‘m¢(t —7)E(r)dt = le, T, ? jt E(7)e™ ™" ?d g is the polarization

envelope. By using integration by part,

PO@t) = i]\:z 16,7, P [j’ E(r)dr+(iA+r)j;drj;dr'E(r)+---].

w a —00

The expansion is a good approximation if |A—iI'l7, <1 for a coherent transient regime.

When E(t) acting on the medium consists of a short pulse, incident at time ¢ ~ 0, whose

duration 7, is very much less than the polarization dephasing time 7, <IA—il’ I,

-
iNe” . . G .
le, 1, I’ E (0)z,e Dl = O F (0), ie.,

equ

PV ()=
for pulsed excitation in the coherent transient regime, the response of the medium depends on

the field area [E1(0)1'p ], rather than the instantaneous field. In this case, an equivalent

susceptibility can be defined to be

,z"f;), (~o;0)= 1" (-0;0,)- 7,-(iA+T'), implying that in the transient regime, it is still

possible to write an expression for the polarization in the familiar form of the adiabatic

response, except that the true susceptibility is reduced by 7, / T,.

2.5 Spatial Dispersion of Nonlinear Susceptibility Tensor

In the previous discussion on the optical response function, we have used a local
response assumption, which states
Polarization at a point in the medium is assumed to be determined completely by the
electric field at that point.

Now note that the polarization can be determined by the electric field in the
neighborhood of that point, the time-invariance used in the previous discussion should then

be argumented by a corresponding principle of Spatial-Invariance.
- +oo +oo 4o 40 - - - - - -
PG =["dg [ de, [ di [ dE RV Gt o E L)V EG =) Bt —1) Bt - T,)

and then
e Intrinsic Permutation Symmetry requires ( &,z,r,),...,( &,t,r,) can be exchanged without

nn

affecting R™ .

e Byusing E(F,t)= Jﬂm da)rmdlz E(I;,a))e”;';_m , "™ will depend on k as well as



@ [i.e., Spatial dispersion (I; -dependent) + temporal dispersion have been included].
P ()=

oo oo ree o2 ) 2z 7 > > i(@yt—k,7)
[Tda - ["do,[7dk, - [T dk, 27 -0,k 5k, K,0)| EG0) - E,0,)
where

l(n)(_wa,_gp;ﬁlq’. ey Enwn) =

iy (@7;-k; 7))

JZdz - [Zaz,[Tdr [T RV Gy g
with

a, - Z(ia)j) ; k i Z(ilz ;) involve (arla)llg1 )yl ana)nI;n ) permutation symmetry.
Jj=1 =1

Spatial dispersion is important when
e Polarizable units are strongly coupled such as cooperative effect like polariton shown

below

/,/""E;:‘::;:"TA/Zé'—' /\3’31
. S~

» B ] , _

Electric-dipole approximation which neglects k -dependence of

Z(")(—wa,—EP§E1@,' - I;,,(o,,) implies local field is uniform when 4>>d whered is the

scale length of polarizable units.



