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Chapter 1.  Introduction 

1.1  Historical Background 

 

During the pre-laser age, some NLO phenomena and research had been reported. 

These include Pockels and Kerr EO effects, and some predictions by calculations of 

two-photon absorption published by Meyer et al. 

 

1960 Invention of Ruby laser by Maiman 

This invention provided a light source with high luminosity which had never 

been produced before. 

1961 SHG by Franken (see PRL 7, 118 (1961)) 

But the conversion efficiency is as low as 10
-10

%!  

 

Nowadays typical SHG has achieved as large as 90%! This is because phase 

matching scheme was proposed by Giordmain and Maker using birefringence of a 

crystal. 

 

Currently research direction of NLO can be separated into: 

(1) NLO Phenomena: Investigating various NLO processes in media excited by 

ultrashort, ultrastrong laser pulses 

(2) Techniques: Applying various NLO techniques for characterizing materials to 

yield spectroscopic or dynamical information of media. 

 

Common features in each NLO process 

(1) An intense light field ( , )E r t
� �

induced a response in a medium P
�

 

This part is usually governed by constitutive equations  
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(2) Medium in reacting modifies the optical fields in a nonlinear way. This step is 

governed by Maxwell’s Equations for nonmagnetic materials: 
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By using the last two curl equations, we have 
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By combining the linear response into second-order temporal derivative of the field, 

then the equation becomes 

22
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This is valid for non-conductive media with 0E∇ ⋅ = . 

 

Origin of Optical Nonlinearity (Microscopic Picture of Constitute 

Equation) with Classical Approach 

Consider a dielectric optical material consisting of a collection of charged particles of 

electrons and ion cores: 

 

In a conductor, the charged carriers are free to move in an electric field. But for a 

dielectric material, the charged particles are bound together.  

Note: 

(i) the motion of the charged carriers is transitory when the field is first applied; 

(ii) That will induce a collection of induced electric dipole moment. 

The induced polarization P(r, t) is defined to be the induced dipole moment per unit 

volume 

(iii) Note light wave oscillates at frequency of 10
13
�10

17
 Hz (from IR to UV); 

(iv) Ion cores are massive compared with electrons (This leads to the well-known 

Born-Oppenheimer (BO) approximation). 

Thus an anharmonic oscillator model can be constructed 
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Here γ =damping constant; 0ω  = resonant frequency; 0ω� ∼ 3eV; and q = 

displacement from the equilibrium position. 

 

Now neglect nonlinear response for a moment and consider harmonic response to an 

applied electric field  
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Now consider the polarization 

P=polarization=dipole moment per unit volume= 
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Note that the electric displacement vector D 
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We know that the linear dependence of P on E is valid only when d is small, where P 

oscillates at the same frequency as E in the linear approximation. 



When q is large, the restoring force of the medium could become significantly 

nonlinear 

 

 

When q is large, the response is distorted and contains significant components 

oscillating at the harmonic frequency 2ω, 3ω, etc., and a d.c. component. 
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No analytic solution for the above equation. But when (2) 2qξξξξ  is small, perturbation 

technique can be used. 

Let (1) (2)( ) ( ) ( ) ...q t q t q t and note P Neq= + + = − , 

we first linearize the equation to yield 
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Then approximate (2) 2qξξξξ  by (2) (1) 2[ ]qξξξξ . Thus the solutions for (2)q  become 
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Therefore, we can express the nonlinear polarization as 
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The resonances of (2)(2 )
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χ ωχ ωχ ωχ ω  can occur at 
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(2)(2 )
i

P ωωωω  oscillates at 2
i

ωωωω  and will radiate optical field with frequency 2
i

ωωωω . 

Several factors can be used to increase the response of medium 

(a) Phase matching: The induced dipoles are forced to radiate in phase and 

therefore will lead to coherent radiation. 

(b) Resonant enhancement: 
1
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(c) (2)χχχχ  depends on (2)ξξξξ , i.e., depends on anharmonicity of medium. 
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1.3 Nonlinear Optical Processes 

As an example, let’s consider NLO processes that modify the index of refraction 

of medium. Assuming this medium is subject to an intense electric field, and the 

polarization of the medium is weak compared to the binding forces between the 

electrons and nuclei, one can then express the polarization in a power series of the 

field strength E 

( ) (1) (2) (3): ...i

i

P P E EE EEEχ χ χχ χ χχ χ χχ χ χ= = ⋅ + + += = ⋅ + + += = ⋅ + + += = ⋅ + + +���� � .             (1.3.1) 

Here (2)

ijk
χχχχ  is a third-rank tensor, denotes the second-order nonlinear optical 

susceptibility; (3)

ijkl
χχχχ  is a fourth-rank tensor, denotes the third-order nonlinear 

optical susceptibility, etc. 

Now recast Equation (1.3.1) as 
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Here ( )
eff

Eχχχχ is an effective optical susceptibility and will depend on the field 

strength. Now let 

 

E dc optical field of frequency ωωωω= += += += + ,  
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Consider 
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cos( )E t kzωωωω ++++ -term only: 
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We can now define a nonlinear index of refraction to be 
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The change of the index of refraction caused by the external field becomes 
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We can also define the light intensity in cgs unit as 
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(a) (2)

1 0
4n nπχπχπχπχ====  denotes a linear electro-optical effect, discovered by Pockels. 

(b) (3)

2 0
(0) 6n nπχπχπχπχ====  describes quadratic electro-optical effect, which is often also 

called dc Kerr effect. 

(c) 2 (3) 2

2 0
( ) 12 ( )n cnω π χω π χω π χω π χ====  describes the optical Kerr effect, which is the basis of 

all high-speed all-optical switching. 

 

1.3.1 Second-Order Nonlinear Optical Effects: (2)
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This is a three-wave mixing process where the waves exchange energy with one 

another through the interaction of the nonlinear medium. 

(i) Second-Harmonic Generation (SHG) (2)( 2 ; , ) : 2
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change in refractive index due to the linear electro-optical effect is commonly 

defined as 
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(iii) Optical Rectification (OR) (2)( 0; , ) : 0
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the medium. Recall the Kleinman symmetry (to be discussed in the following 
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(iv) Sum-Frequency Generation (SFG) (2)
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1.3.2 Third-Order Nonlinear Optical Effects: (3)
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(ii) Self-Action 

These phenomena are the third-order NLO processes with a third-order NLO 

polarization 
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The nonlinear polarization is created in the medium at the same frequency as the 
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A. Self-Focusing/Defocusing 

These phenomena can be understood by combining the effect of 
2
( )n ωωωω and the 

spatial variation of the laser intensity: 

 

When (3) 2 (3) 2
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focusing lens. 

 

B. Self-Phase Modulation (SPM) 

When consider the temporal variation of the incident laser pulse, the temporal 

behavior of the induced refractive index change can be generated 
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This can lead to a broadening of the frequency profile of the laser pulse field. 
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Defining the instantaneous frequency as 
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If 
2
( ) 0n ωωωω >>>> , the instantaneous frequency first experiences a frequency upchirping at 

the leading edge of the pulse and then down chirping at the trailing edge of the pulse 

as depicted in the following diagram. 



 

 

(iii) Two-Photon Absorption (TPA) 

 

This NLO phenomenon can be explained with a NLO polarization induced in a 

medium 
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iv) Degenerate Four-Wave Mixing (DFWM) 
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Note that: Although ( ), ( ), ( )
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E E Eω ω ωω ω ωω ω ωω ω ω  have the same frequency, they can have 

different propagation direction and polarization. The generated beam can also 

propagate along a different direction with different polarization. 

 

v) Coherent Raman Effects 

If 
1 2 Q

ω ω ωω ω ωω ω ωω ω ω− =− =− =− = =Raman active mode, we can observe resonant effect. This is a 

useful spectroscopic technique to determining the structure of a molecular medium. 



 

 

Several technical variations can be developed from this concept, which include: 

v.1 Raman Induced Kerr Effect (RIKES) 
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v.2 Coherent Stokes Raman Spectroscopy (CSRS) 
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v.3 Coherent Anti-Stokes Raman Spectroscopy (CARS) 

(3) (3) *

1 2 1 1 2 1 1 2

1 2

( 2 ) Im[ ( ; , , )] ( )
3

[ ] ( )
2

( )
i A ijkl A j k l

P E E E

where

ω ω ω χ ω ω ω ω ω ω ωω ω ω χ ω ω ω ω ω ω ωω ω ω χ ω ω ω ω ω ω ωω ω ω χ ω ω ω ω ω ω ω

ω ωω ωω ωω ω

= − = − −= − = − −= − = − −= − = − −

>>>>

 

 

v.4 Electric Field-Induced Second-Harmonic Generation (EFISH) 

When an isotropic medium is biased in a dc electric field, its centro-symmetric 

structure of electronic distribution can be distorted, renders it to become non 

centrosymmetric structure. The material can therefore generate second harmonic 

output at 2ω when it is excited with an optical pulse with a frequency of ω. The 

phenomenon, which  is similar to the optical second-harmonic generation from a 

noncentrosymmetric crystal, is called Electric Field-Induced Second-Harmonic 

Generation (EFISH) and in fact belongs to a third-order NLO process, describing by 

the following NLO polarization induced in the medium. 
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C. Resonant Nonlinearity 

Under resonant condition (
0

ω ωω ωω ωω ω� ), one can also observe a large dynamic 



nonlinearity derived from an optical absorption process, which at sufficiently high 

intensity becomes light-intensity dependent 
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−−−−���� , ( )n ωωωω is also light-intensity dependent. In fact, any 

process which can lead to an intensity-dependent absorption shall give rise to a 

dynamic third-order optical nonlinearity. 

 

Summary of Chapter 1 

 


