
Chapter 5   Second-Order NLO Effects 

 

To facilitate the discussion of the topics, we assume all optical media used are weakly 

nonlinear. (i.e., (2) (1)Eχ χχ χχ χχ χ<<<<<<<< ), implying that nonlinear effects are observable only 

when light waves propagate through fairly long distance in a NLO medium. The 

phase matching condition shall then be fulfilled in order to accumulate the NLO 

effect: 
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The following two phase matching schemes are usually exploited for this purpose: 

♦ Collinear phase matching scheme 

 

 

 

 

♦Noncollinear phase matching scheme 

 

 

 

 

 

For collinear phase-matched SHG, the corresponding phase matching condition 

becomes 1 3
n n==== , which is never fulfilled because of normal dispersion of a material 

1 1 3 3( ) ( 2 )n nω ω ω ω= < = . 

The use of anomalous dispersion to meet the phase condition is impractical since the 

optical energy absorption is fairly high in this regime. 
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A better way to meet the phase matching condition is to exploit the birefringence of 

an anisotropic crystal with interaction of differently polarized waves. To illustrate the 

principle clearly, we will review the essential knowledge of crystal optics in the 

following section. 

 

 

5.1 Optics of Uniaxial Crystal 

 

For a uniaxial crystal, there exists 

♦ a special direction, called the optic axis ( the z-axis of the crystallophysical 

coordinate system); 

♦ The plane containing the z-axis and the wave vector K
�

 of the optical beam is 

called the principal plane ( P.P. ). 

 

If ( ) . . E P Pωωωω ⊥⊥⊥⊥
�

, the light beam is called the ordinary wave (o-wave) of the crystal, 

which experiences an index of refraction o
n  that does not depend on the direction 

of K̂ .  

 

However, when ( ) / / . .E P Pωωωω
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, the light beam is called the extraordinary wave 

(e-wave), which experiences ( )
e

n θθθθ  with magnitude depending on the direction of K̂ . 
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The refractive index of the e-wave is a function of the polar angle θ  of the vector 

K
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Examining the curves of index of refraction on the principal plane, 
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For a planar light wave propagating in a uniaxial crystal, K
�

 does not coincide 

with that of the wave energy S
�

 (the unit vector normal to the tangential at the 

intersection position of K
�

 and the surface of the refractive index) 

                                             

 

 

 

 

 

 

 

Here    is normal to the tangential drawn at the point of intersection of vector    
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, i.e., a beam walk-off phenomenon can be observed. The corresponding 

walk-off angle � can be found to be 
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By measuring the beam walk-off distance δδδδ , we can determine the crystal cutting 

angle Cθ , which can be understood by noting that 
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6.2 Types of Phase Matching with a Uniaxial Crystal 

   

To fulfill the phase matching condition of a three-wave interaction in a uniaxial 

crystal, differently polarized waves should be used. 

 

(a) Type- phase matching scheme (Mixing waves have the same polarization) 
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(b) Type- phase matching scheme (the mixing waves have orthogonal 
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For second-harmonic generation, 1 2 3
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Type-I o o e+ →+ →+ →+ →  interaction in a negative crystal 
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6.3 Effective Optical Nonlinearity in a Phase-Matched NLO Process  

 

In the crystallophysical coordinate system {X, Y, Z}, where Z is the optic axis,  
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To find out the effective optical nonlinearity observed in the lab frame, 
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we can either transform (2)

ijk
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 and out
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of the crystallophysical coordinate system. 

 

 

 

 

 

 

 

 

 

 

 

Since any linearly polarized wave in a uniaxial crystal can always be represented as a 

superposition of two waves with ordinary and extraordinary polarizations, we can 

express the components of a unit vector P
�

 given by polar coordinates �, � along the 

crystallophysical axes X, Y, and Z, 
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We illustrate the principle with some case studies:  
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6.4 Sum-Frequency Generation with Boundary Reflection 

[Ref.: N. Bloembergen and P. S. Pershan, Phys. Rev. 128, 606-622 (1962)] 

Consider 1 2 3 1 2S
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To make the problem solvable, we are going to make some assumptions 

 All waves involved are plane waves 

 Non-depleted incident waves  

 Planar boundary (XY plane) 

 Neglect anisotropic propagation property of the nonlinear medium 
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After entering into the nonlinear medium ( 0≥Z  ), the incident waves induce a 

nonlinear polarization NLSP . The radiation source can emit SF photons at 3ω . 

However, only those radiated free waves (assume to be planar waves) which have the 

same tangential wave vector components are acceptable to be included to match the 

boundary conditions. This determines the direction of the free waves, acceptable as 

homogeneous solution. 

The direction of the inhomogeneous solution or polarization wave is determined 

by its normal component because             and from 

 

 

 

 

Let the incident plane is XZ plane, i.e. 0=SYK . 
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T: normal components 
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By solving the simultaneous equations, we obtain 
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6.5 Bulk Sum-Frequency Generation 

 

For the case of sum-frequency generation from the bulk of a nonlinear medium, we 

can exploit the slowly varying amplitude approximation (SVA). This leads to 
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2. NLSP  lies in the incident plane 

// //
ˆ[ 4 ( ) ] 0NLS i K Z

T S
E P K e

z
ε πε πε πε π ∆∆∆∆∂∂∂∂

+ ⋅ =+ ⋅ =+ ⋅ =+ ⋅ =
∂∂∂∂

 

2

3

/ /

/ / / /

2
( ) (0) ( 1)

( )

ˆ4 ( )
( ) (0) ( 1)

T i K z NLS

T

Z

i K zS

T

E z E e P
K K

P K
E z E e

π ωπ ωπ ωπ ω

ππππ

εεεε

∆∆∆∆

⊥ ⊥ ⊥⊥ ⊥ ⊥⊥ ⊥ ⊥⊥ ⊥ ⊥

∆∆∆∆

� �� �� �� �
= + −= + −= + −= + −� �� �� �� �

∆∆∆∆� �� �� �� �
∴∴∴∴ � �� �� �� �

⋅⋅⋅⋅� �� �� �� �
= − −= − −= − −= − −� �� �� �� �

� �� �� �� �

�

�

 

 

 

 

 

 

2 3

3

2

2
2 23

( ) ( ) (Note: cos )
2

sin( )
2 2        

cos

2

T TT

Z T

T T

c
I z E z K

c

z
K

P z
zc K

ε ω εε ω εε ω εε ω ε
θθθθ

ππππ

πωπωπωπω

ε θε θε θε θ
⊥⊥⊥⊥

= == == == =

� �� �� �� �
∆ ⋅∆ ⋅∆ ⋅∆ ⋅� 	� 	� 	� 	

= ⋅ ⋅ ⋅= ⋅ ⋅ ⋅= ⋅ ⋅ ⋅= ⋅ ⋅ ⋅� 	� 	� 	� 	
� 	� 	� 	� 	∆ ⋅∆ ⋅∆ ⋅∆ ⋅

 �
 �
 �
 �

 

 

 

6.6 Sum-Frequency Generation with High Conversion Efficiency 

 

For sum-frequency generation with high conversion efficiency, the following 

conditions must be fulfilled: 

(1) the coupled waves are collinearly phase matched ( 0=∆K  ) 

(2) the medium is lossless ( 0=nσ  ) 

(3) slowly varying amplitude ( SVA ) 
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The incident waves will be depleted due to strong conversion that requires the three 

coupled differential equations to be solved simultaneously. 
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This is the Manley-Rowe Relation, implying that the number of photons annihilated 

at 1ω  and 2ω  = the number of photons created at 3ω  
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= square root of the normalized photon 

density at frequency iω  



Properly normalize the propagation distance Z with ZI to yield a dimensionless 

distance-related parameter 
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By using Eqs. (1), (2) and (3), Eq. (4) can be reduced to 
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This is a complete differential, we therefore can simply integrate the phase equation to 
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The integrals can be related to the Jacobian elliptic functions, which are defined as 
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mixing processes with depleted pump beam as 

 

2 2 2 2 2 2 2

3 3 3 3 3 3 0

2 2 2 2 2

2 2 3 2 3 3

2 2 2 2

1 1 3 3

1

0 2 2

3 3

( ) ( ) ( )( ),

( ) ( ) (0) (0) ( )

( ) (0) (0) ( )

1
where  (sin (0), )

a b a c a

c a

u u u u Sn u u

u m u u u u

u u u u

F y
u u

ξ ξ ξ γξ ξ ξ γξ ξ ξ γξ ξ ξ γ

ξ ξ ξξ ξ ξξ ξ ξξ ξ ξ

ξ ξξ ξξ ξξ ξ

ξ γξ γξ γξ γ−−−−

���� � �� �� �� �= + − − += + − − += + − − += + − − +

 �
 �
 �
 �����

����
= − = + −= − = + −= − = + −= − = + −����

���� = + −= + −= + −= + −
��������

====
−−−−

.

.



Some examples 

1. Frequency Up-conversion 

 

 

Input conditions:  

1 2 3

1 2 3

2 2

2 1

2

3

1 2 3

2 2 2 2

3 2 3 1 3 3 1

:     

    (0) (0) (0)

                     (0) (0)

                     (0) 0

(0) (0) (0)cos (0) 0

The three roots of (  )(  ) 0 are 

frequencies

input fields u u u

u u

u

u u u

u m u m u u m

ω ω ωω ω ωω ω ωω ω ω

θθθθ

+ →+ →+ →+ →

+ →+ →+ →+ →

<<<<<<<<

≅≅≅≅

���� Γ = =Γ = =Γ = =Γ = =

− − − Γ = =− − − Γ = =− − − Γ = =− − − Γ = =
2

,   ,   0.m

 

Therefore, 
3 3 2 2 3 1 1

0, (0), (0)
a b c

u u m u u m u= = = = == = = = == = = = == = = = = .  

The solutions become:  

[[[[ ]]]]

2 2 2

3 2 1 0

2 2 2

2 2 1 0

2 2 2 2

1 1 2 1 0

2 2 2
2 3 3 2

2 2 2

3 3 1

( ) (0) (0)( ),

( ) (0) 1 (0)( ),

( ) (0) (0) (0)( ),

( ) (0)
  1

( ) (0)

, sin( )      1 

  (

b a

c a

u u Sn u

u u Sn u

u u u Sn u

u u u
Since

u u u

Sn u u when

Therefore y

ξ ξ ξ γξ ξ ξ γξ ξ ξ γξ ξ ξ γ

ξ ξ ξ γξ ξ ξ γξ ξ ξ γξ ξ ξ γ

ξ ξ ξ γξ ξ ξ γξ ξ ξ γξ ξ ξ γ

γγγγ

γ γγ γγ γγ γ

= += += += +� �� �� �� �
 �
 �
 �
 �

� �� �� �� �= − += − += − += − +� �� �� �� �
 �
 �
 �
 �
 �
 �
 �
 �

= − += − += − += − +� �� �� �� �
 �
 �
 �
 �

−−−−
= = <<= = <<= = <<= = <<

−−−−

≅ <<≅ <<≅ <<≅ <<

2 2 2

3 3 3

2 2 2

3 3 2

0

( (0) ) (0)
0) 0

( ) (0)

0

a

b a

u u u

u u u

ξξξξ

����
����

−−−−����
= = == = == = == = =����

−−−−����
���� ====����

 

 

Inverting the normalized variables to obtain the field intensities: 
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2. Second – Harmonic Generation (SHG) 
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3. Optical Parametric Amplification (OPA) 

Initial condition:   
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The solution for the pump beam becomes
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Let 2cos 1ββββ ====  to neglect the walk-off effect 
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(i) When 1<<ξ  for negligible pump depletion and  
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(ii) When phase mismatch appears, 0≠∆K  
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i.e., Parametric gain can be reduced by the phase mismatching. 



Summaries of Nonlinear Frequency Conversion 
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By invoking SVA 
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Effective lengths for the interaction process 

(1) Aperture Length: 0

0
,     

a

d
L d beam diameter

ρρρρ
= == == == =  

 

 

0d

aL

raye −

rayo −

ρ

,�

-�

�.�
�

�!�� �

β

/�



(2) Quasi-static interaction length 
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(3) Diffraction Length 
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(5) Nonlinear interaction length 
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Designing Process for NLO devices: 

(a) Determine all the effective lengths of the process, compare them with the length 

of a nunlinear crystal, find out the effects that must be taken into account. 

(b) Find the nonlinear interaction length, compare it with the crystal length, and 

determine whether the fixed-field approximation is valid or exact equations must 

be solved. 
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e.g.,    if NLLL > , then non-depleted pump beam is not valid. 

 

If the crystal length, L, is smaller than each effective length, then 
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The beam or pulse envelope of the radiation being converted is approximation by a 

step-wise function, the field amplitude inside of each step being constant. 

For each step, the conversion efficiency is calculated by the equations for plane 

waves. 

Then the results are summed with respect to the transverse coordinates (or time) and 

the power of the beam (or pulse) of the resulting radiation is determined. 

 

 

 

Limitations of the High Conversion Efficiency 

We can not increase the pump beam intensity by focusing the optical beam 

indefinitely. This is because there are actually some limits on the focused beam: 

(a) Optical damage threshold of NLO materials 

(b) Effective interaction length (beam walk off) ~ This may be partially relieved by 

using o90 -noncritical phase matching scheme. 

 

Poor beam quality produces an ill-effect on the nonlinear conversion efficiency 

(a) Hot spot →  reduced effective interaction length 
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